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In this paper we analyze the vacuum expectation values of the field squared and the
energy-momentum tensor associated to a massive scalar field in a higher dimensional
cosmic string spacetime, obeying Dirichlet or Neumann boundary conditions on the
surface orthogonal to the string.
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1. Introduction
Cosmic strings are linear topologically stable gravitational defects which appear in
the framework of grand unified theories. These objects could be produced in very
early Universe as consequence of a vacuum phase transition.1,2 The spacetime pro-
duced by an idealized cosmic string is locally flat, however globally conical, with a
planar angle deficit determined by the string tension. This conical structure pro-
vides nonzero vacuum expectation values (VEVs) for different physical observables.
In this context, the VEVs of the energy-momentum tensor have been calculated for
scalar3–7 and fermionic8–11 fields. Another type of vacuum polarization arises in
the presence of boundaries. In this sense, the imposed boundary conditions on quan-
tum fields alter the zero-point fluctuation spectrum and result in additional shifts in
the VEVs of physical quantities, such as the energy density and stresses. This is the
well-known Casimir effect.a The analysis of the Casimir effect in the idealized cos-
mic string spacetime have been developed for scalar,13 vector 14,15 and fermionic
∗emello@fisica.ufpb.br
†saharian@ysu.am
aSee Ref. 12 for a review about the Casimir effect.
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fields,16,17 respectively, obeying boundary conditions on cylindrical surfaces. Con-
tinuing along this line of investigation, here we shall analyze the contribution on
the vacuum polarization effects, in a higher-dimensional cosmic string spacetime,
induced by a scalar field obeying Dirichlet or Neumann boundary conditions on a
flat surface orthogonal to the string.
2. Green Function
This section is devoted to calculate the Green function associated with a mas-
sive scalar quantum field propagating in a D-dimensional cosmic string space-
time. Adopting the coordinate system xi = (t, r, ϕ, z, xl), with ϕ ∈ [0, 2pi], and
t, z, xl ∈ (−∞, ∞), the line element is given by
ds2 = gµνdx
µdxν = −dt2 + dr2 + α2r2dϕ2 + dz2 +
D−1∑
l=4
(dxl)2 . (1)
The cosmic string is located on the subspace defined by r = 0, being r > 0 the radial
polar coordinate. In (1) the parameter α, smaller than unity, codifies the presence
of the string.
The equation which governs the propagation of a massive scalar field in an
arbitrary curved spacetime has the form:(
−m2 − ξR)φ(x) = 0 , (2)
with  denoting the covariant d’Alembertian and R is the scalar curvature. We have
introduced in (2) an arbitrary curvature coupling ξ. Moreover, we shall assume that
the field obeys Dirichlet boundary condition on the hypersurface orthogonal to the
string and located at z = 0:
φ(x) = 0 , z = 0 . (3)
The corresponding Green function should obey the differential equation,
(
−m2 − ξR)G(x, x′) = −δD(x − x′)√−g , (4)
besides the boundary condition (3).
In order to provide an explicit form for this Green function, we shall use the
complete set of solutions of the eigenvalues equation,(
−m2 − ξR)Φσ(x) = −σ2Φσ(x) , (5)
with σ2 ≥ 0. So we may write
G(x, x′) =
∫ ∞
0
ds K(x, x′; s) , (6)
where the heat kernel, K(x, x′; s), can be expressed in terms of this normalized
complete set of eigenfunctions as follows:
K(x, x′; s) =
∑
σ2
Φσ(x)Φ
∗
σ(x
′)e−sσ
2
. (7)
December 7, 2018 1:30 WSPC/INSTRUCTION FILE Polarization˙2011˙
Vacuum Polarization by Flat Boundary 3
The complete set of normalized solutions of (5), compatible with the boundary con-
dition (3), can be specified in terms of a set of quantum numbers (ω, q, n, kz , kl),
where n = 0, ±1, ±2, ... , (ω, kl) ∈ (−∞, ∞) and (q, kz) > 0. These functions
are given by:
Φσ(x) = 2
√
q
α
ei(nϕ+k·x−ωt)
(2pi)(D−1)/2
J|n|/α(qr) sin(kzz) , (8)
being Jν(x) the Bessel function and x = (x
4, . . . , xD−1). The corresponding posi-
tively defined eigenvalue is given below:
σ2 = ω2 + q2 + k2z + k
2 +m2 . (9)
The heat kernel can be given in terms of the above eigenfunctions according to
(7). After performing the integrals with the help of Ref. 18 we obtain:
K(x, x′; s) = 2e
−∆ρ
2
4s −sm
2
α(4spi)D/2
sinh
(
zz′
2s
) +∞∑
n=−∞
ein∆ϕI|n|/α
(
rr′
2s
)
, (10)
where Iν(x) is the modified Bessel function and
∆ρ2 = −∆t2 + r2 + r′2 +∆x2 + z2 + z′2 , (11)
with ∆ϕ = ϕ− ϕ′, ∆t = t− t′, ∆x = x− x′.
The next step is to integrate the heat kernel according to (6), to provide a
closed expression for the Green function. Unfortunately, in general case, this is not
possible. Only for massless fields and for specific values of the parameter α, the
corresponding Green functions can be expressed in terms of a finite sum of the
associated Legendre functions and the Macdonald ones, respectively.
The case of a scalar field with Neumann boundary condition, ∂zφ = 0 at z = 0,
can be considered in a similar way. The corresponding eigenfunctions have the form
(8) with the replacement sin(kzz)→ cos(kzz). The expression for the heat kernel is
obtained from (10) with the replacement sinh(zz′/(2s))→ cosh(zz′/(2s)).
2.1. Special case
The analysis of vacuum polarization effects associated with a quantum scalar field
in a cosmic string spacetime when parameter α is equal to the inverse of an in-
teger number p, i.e., when α = 1/p, have been considered by many authors.4-6
Although being a very special situation, the corresponding analysis may shed light
on the qualitative behavior of these quantities for non-integer p. For this case, the
expression of the heat kernel can be simplified with the help of the formula:19,20
+∞∑
n=−∞
ein∆ϕI|n|p(rr
′/2s) =
1
p
p−1∑
k=0
e
rr′
2s cos(
∆ϕ
p
+ 2pik
p
) . (12)
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The corresponding heat kernel reads,
K(x, x′; s) = 2e
−sm2
(4spi)D/2
sinh
(
zz′
2s
) p−1∑
k=0
e−
Vk
4s , (13)
where
Vk = −∆t2 +∆x2 + z2 + z′2 + r2 + r′2 − 2rr′ cos (∆ϕ/p+ 2pik/p) . (14)
Finally, substituting the above function into (6), with the help of Ref. 18 we get,
G(x, x′) =
mD−2
(2pi)D/2
p−1∑
k=0
[
fD/2−1
(
mVk(−)
)− fD/2−1 (mVk(+))] , (15)
where
Vk(∓) =
[−∆t2 +∆x2 + (z ∓ z′)2 + r2 + r′2 − 2rr′ cos (∆ϕ/p+ 2pik/p)]1/2 . (16)
In (15) and in what follows we use the notation
fν(x) = Kν(x)/x
ν , (17)
being Kν(x) the Macdonald function.
We can see that the Green function (15) vanishes for z or z′ being equal to zero.
Moreover, it can be presented as the sum of two different contributions as shown
below:
G(x, x′) = Gcs(x, x
′) +Gb(x, x
′) . (18)
In (18), Gcs(x, x
′) coincides with the Green function for a massive scalar field in the
absence of the boundary. It is divergent at the coincidence limit and the divergence
comes from the k = 0 term. As to Gb(x, x
′), it is a consequence of the boundary
condition imposed on the field. This contribution is finite at the coincidence limit
for points outside the boundary.
The formula for the Green function in the case of Neumann boundary condition
is obtained from (15) changing the sign of the terms with Vk(+). Consequently, the
boundary induced parts in the Green function, Gb(x, x
′), for Dirichlet and Neumann
scalars differ by the sign.
2.2. General case
For general case where p = 1/α is not an integer number, the Green function can be
expressed in an integral form. Substituting the heat kernel (10) into (6), the Green
function can be expressed in terms of a sum of boundary-free and boundary-induced
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parts, as exhibit below:
Gcs(x, x
′) =
p
(4pi)D/2
+∞∑
n=−∞
ein∆ϕ
∫ ∞
0
dw wD/2−2e−
V(−)
4 w−
m2
w I|n|p (rr
′w/2)
Gb(x, x
′) = − p
(4pi)D/2
+∞∑
n=−∞
ein∆ϕ
∫ ∞
0
dw wD/2−2e−
V(+)
4 w−
m2
w I|n|p (rr
′w/2)
(19)
with
V(∓) = −∆t2 +∆x2 + (z ∓ z′)2 + r2 + r′2 . (20)
We can also verify that the Green function vanishes for z or z′ equal to zero.
3. Vacuum Expectations Values
This section will be devoted to the calculations of vacuum polarizations effects
induced by the boundary. Two main calculations will be performed. The evaluation
of the VEV of the field squared, in the first part, followed by the corresponding
evaluation of the energy-momentum tensor.
3.1. Calculation of 〈φ2(x)〉
The evaluation of the VEV of the field squared is formally given by evaluating
the Green function at the coincidence limit. However, in this analysis the complete
Green function is given by the sum of the Green function is cosmic string spacetime
in absence of boundary plus a boundary induced part. In this way we may write,
〈φ2〉 = 〈φ2〉cs + 〈φ2〉b . (21)
Because Gcs(x, x
′) is divergent at the coincidence limit, the renormalization proce-
dure is needed only for the first contribution of the above expression. The second
contribution is finite at the coincidence limit for points outside the hypersurface
z = 0. Because the VEV of the field squared in the cosmic string spacetime has
been analyzed by many authors, here we are mainly interested in the analysis of
the quantum effects induced by the boundary.
According to the previous section, we shall analyze the VEV of the field squared
induced by the boundary for p being an integer number in the first part, and for
the general case in the second one.
3.1.1. Special case
Being p an integer number, the VEV of the field squared induced by the boundary
is given simply by taking the coincidence limit of Gb(x
′, x) given in (15). The result
is presented by the expression
〈φ2〉b = − m
D−2
(2pi)D/2
p−1∑
k=0
fD/2−1(2m
√
z2 + r2s2k) , (22)
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where
sk = sin(pik/p) . (23)
Below we present some asymptotic behaviors of (22) in different limiting regions:
• For z 6= 0 and for points far from the string, r ≫ |z|, the dominant con-
tribution comes from the k = 0 component and to the leading order we
get
〈φ2〉b ≈ 〈φ2〉(p=1)b = −
mD−2
(2pi)D/2
fD/2−1 (2m|z|) . (24)
• In the limit |z| ≫ r and m|z| ≫ 1, the leading order term provides an
exponentially suppressed behavior below,
〈φ2〉b ≈ − p m
(D−3)/2e−2m|z|
2(4pi)(D−1)/2|z|(D−1)/2 . (25)
• For a massless field, and in the limit |z| ≫ r, we obtain
〈φ2〉b ≈ −p Γ(D/2− 1)
(4pi)D/2
1
|z|D−2 . (26)
In Fig. 1 we exhibit the behavior of (22) in the case of a D = 4 cosmic string
spacetime as a function of the dimensionless variable mr for three distinct values
of p = 2, 3, 4 and for mz = 0.5. We can see that the effect induced by the string
becomes more relevant for larger values of p.
2
3
4
0.0 0.5 1.0 1.5 2.0
-0.06
-0.05
-0.04
-0.03
-0.02
-0.01
mr
<
Φ
2 >
b
m
2
Fig. 1. This graph provides the behavior of 〈φ2〉b/m
2 in a 4-dimensional cosmic string spacetime
as a function of mr for mz = 0.5 and for several values of the parameter p (numbers near the
curves).
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3.1.2. General case
In the case of p being not an integer number, the VEV of the field squared induced
by the boundary is obtained by taking the coincidence limit of Gb(x
′, x) given in
(19). After a change of the integration variable it can be written as:
〈φ2〉b = − pr
2−D
(2pi)D/2
∫ ∞
0
dy yD/2−2e−(2z
2/r2+1)y−m2r2/(2y) Sp(y) , (27)
with
Sp(y) =
∞∑′
n=0
Inp(y) , (28)
where the prime means that the term with n = 0 should be halved.
In order to provide an explicit dependence of 〈φ2〉b with p, we shall use the
formula below:b
Sp(y) =
1
p
p0∑′
k=0
ey cos(2pik/p) − sin(ppi)
2pi
∫ ∞
0
dx
e−y cosh x
cosh(px)− cos(ppi) , (29)
where p0 is an integer number defined by 2p0 < p < 2p0 + 2.
Substituting (29) into (27), the integration over y can be explicitly performed
and one finds
〈φ2〉b = − 2m
D−2
(2pi)D/2
[ p0∑′
k=0
fD/2−1(2m
√
z2 + r2s2k)
− p
pi
sin(ppi)
∫ ∞
0
dx
fD/2−1(2m
√
z2 + r2 cosh2 x)
cosh(2px)− cos(ppi)
]
. (30)
It can be seen that for integer values p this result reduces to the expression (22).
Defining
〈φ2〉b = 〈φ2〉(p=1)b + 〈φ2〉Cb , (31)
in Fig. 2 we exhibit 〈φ2〉Cb /m2 as a function of the parameter p for mz = 0.5 and
for several values of mr (numbers near the curves) in a 4-dimensional spacetime
(D = 4). Note that for the first term in the right-hand side of (31), for mz = 0.5
one has 〈φ2〉(p=1)b ≈ −0.0152m2.
3.2. Calculation of 〈Tµν(x)〉
Following the same line of investigation, here we are interested to calculate the
contribution induced by the boundary on the VEV of the energy-momentum tensor.
Similar to the case of the field squared, the energy-momentum tensor is presented
in the decomposed form,
〈Tµν〉 = 〈Tµν〉cs + 〈Tµν〉b, (32)
bThe expression (29) is a special case of a more general formula derived in Ref. 17.
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1
0.5
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0.00
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<
Φ
2 >
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m
2
Fig. 2. The topological part in the boundary induced VEV of the field squared, 〈φ2〉C
b
/m2, in a
4-dimensional cosmic string spacetime as a function of p for mz = 0.5 and for several values of mr
(numbers near the curves).
where 〈Tµν〉cs corresponds to the geometry of the cosmic string without boundaries.
In order to evaluate the boundary induced part we shall use the following expression:
〈Tµν〉b = lim
x′→x
∂µ′∂νGb(x, x
′) + [(ξ − 1/4) gµν− ξ(∇µ∇ν +Rµν)] 〈φ2〉b . (33)
For the spacetime under consideration, Rµν = 0.
Here we shall investigate only the cases of p be an integer number. Moreover,
only two components will be separately examined: the energy-density, 〈T 00 〉b, and
the pressure along z−axis, 〈T zz 〉b. Due to the presence of the boundary the boost
invariance along the z-axis is lost and, as a consequence, 〈T zz 〉B 6= 〈T 00 〉B.
3.2.1. The energy-density
Let us start with the energy-density:
〈T 00 (x)〉b = −
mD/2
(4pi)D/2
p−1∑
k=0
1
u
D/2+1
k
{
[u2k + (4ξ − 1)[(z2 + r2s4k)(D − 1)
− s2k(2z2 + r2(1 + s2k))]]
KD/2(2muk)
uk
+ 2m(4ξ − 1)(z2 + r2s4k)
×KD/2−1(2muk)
}
, (34)
where uk =
√
z2 + r2s2k and sk = sin(pik/p).
In Fig. 3 we exhibit the VEV of the energy density induced by the boundary for
a minimally coupled, ξ = 0, in the left plot, and conformally coupled, ξ = 1/6, in
the right plot, massive scalar fields in a 4-dimensional spacetime, as a function of
dimensionless variables mr and mz for p = 3. We can see that the energy density
crucially depends on the curvature coupling parameter ξ.
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Fig. 3. The boundary induced part in the VEV of the energy density, 〈T 00〉b/m
4, is exhibited for
minimally coupled (left plot) and conformally coupled (right plot) scalar fields in a 4-dimensional
spacetime as a function of dimensionless variables mr and mz for p = 3.
3.2.2. The pressure along the z−axis
The pressure along the z−axis is important for the discussion about the pressure
on the boundary presented in the following. The complete expression is:
〈T zz (x)〉b =
mD/2
(4pi)D/2
(1 − 4ξ)
p−1∑
k=1
s2k
u
D/2+2
k
{
[r2s2k(D − 2)− 2z2]KD/2(2muk)
+ 2ukmr
2s2kKD/2−1(2muk)
}
, (35)
The vacuum effective pressure on the boundary, given by P = 〈T 33 〉b,z=0, is finite
for points r 6= 0 and reads,
P =
mD/2
(4pir)D/2
(1 − 4ξ)
p−1∑
k=1
s
2−D/2
k
[
(D − 2)KD/2(2mrsk)
+ 2mrskKD/2−1(2mrsk)
]
. (36)
Note that the dependence of the pressure on the curvature coupling parameter
appears in the form of the factor (1− 4ξ). For a massless field, the above expression
reduces to
P = (D − 2)(1− 4ξ)Γ(D/2)
2(4pi)D/2rD
p−1∑
k=1
s2−Dk . (37)
In particular, for D = 4 this formula is explicitly evaluated by using∑p−1
k=1 sin
−2(pik/p) = p
2−1
3 . The result is:
P =
1− 4ξ
48pi2r4
(p2 − 1) . (38)
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For the both minimally and conformally coupled scalar fields the corresponding
effective pressure is positive. Although (38) has been obtained for integer value of
p, it is an analytical function of this parameter, and by analytical continuation it
remains valid for any value of p.
In Fig. 4 we present the pressure on the boundary, P , for a minimally coupled
scalar field in D = 4 as a function of mr for separate values of the parameter p
(numbers near the curves).
2
3
4
0.2 0.4 0.6 0.8 1.0
0.0
0.2
0.4
0.6
0.8
1.0
mr
<
T 3
3 >
b
m
4
Fig. 4. The normal vacuum stress on the boundary, P , for a minimally coupled scalar field in
D = 4 as a function of mr for separate values of the parameter p (numbers near the curves).
4. Conclusion
In this paper we have analyzed the effects induced by a flat boundary on the VEVs
of the field squared and the energy-momentum tensor associated with a massive
scalar field in a higher-dimensional cosmic string spacetime. The condition imposed
on the field at the boundary is Dirichlet one. For a scalar field with Neumann
boundary condition, the corresponding formulas for the VEVs of the field squared
and the energy-momentum tensor are obtained from those given above by changing
the sign of the boundary induced parts. In the presence of the boundary, the VEVs
are given as a sum of two terms: the first one due to the cosmic string itself in
the absence of boundary and the second terms induced by the boundary. Because
the analysis of the VEVs associated with scalar fields in a pure higher-dimensional
cosmic string spacetime have been developed in the literature, in this paper we
were more interested to investigate the contribution induced by the boundary. Two
distinct situations were considered: first one when the parameter which codifies the
presence of the string is the inverse of an integer number, and in the second for
general values of this parameter. For the first case, the Green function is expressed
in terms of a finite sum of the Macdonald functions, while for the second one, only
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an integral representation can be provided.
For integer values of the parameter p, the boundary induced part in the VEV of
the field squared is given by (22) and this part is always negative. For general case
of the parameter p, we have provided the integral representation (30).
Another important local characteristic of the vacuum state is the VEV of
the energy-momentum tensor. Similar to the field squared, the vacuum energy-
momentum tensor is decomposed into pure topological and boundary induced parts.
In the analysis of VEV of the energy-momentum tensor, only integer value of p
has been considered in this paper.c Two components of the VEV of the energy-
momentum tensor have been analyzed, the energy-density given by (34) and the
pressure along the z−axis, given by (35).
The normal vacuum force acting on the plate is determined by the component
〈T zz 〉b evaluated on the boundary. This force is given by the expression (36) for
massive fields, and by (37) for massless ones. Note that for a flat boundary in
Minkowski spacetime the normal stress vanishes and the effective force in the ge-
ometry under consideration is induced by the presence of the string. For massless
field in a 4−dimensional cosmic string spacetime the pressure is given by (38).
The analytical results obtained in this paper explicitly show that the presence of
a cosmic string increases the vacuum polarization effects induced by the boundary
when compared with the corresponding ones in Minkowski spacetime. Regarding
to the behavior of the VEV of the field squared, energy-density and the normal
pressure on the boundary, some numerical results have been exhibited for a four
dimensions, analyzing several different dependences. As our main conclusion we
may say that the analytical results and the plots provide how relevant is the the
presence of the cosmic string on the VEVs induced by the flat boundary.
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